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Abstract
A salient feature of the Schro¨dinger equation is that the classical radial mo-
mentum term p2r in polar coordinates is replaced by the operator Pˆ
†
r Pˆr, where
the operator Pˆr is not hermitian in general. This fact has important implica-
tions for the path integral and semi-classical approximations. When one de-
fines a formal hermitian radial momentum operator pˆr = (1/2)
(
( ~ˆxr )~ˆp + ~ˆp(
~ˆx
r )
)
,
the relation Pˆ †r Pˆr = pˆ2r + h¯
2(d− 1)(d− 3)/(4r2) holds in d-dimensional space
and this extra potential appears in the path integral formulated in polar co-
ordinates. The extra potential, which influences the classical solutions in
the semi-classical treatment such as in the analysis of solitons and collective
modes, vanishes for d = 3 and attractive for d = 2 and repulsive for all
other cases d ≥ 4. This extra term induced by the non-hermitian operator
is a purely quantum effect, and it is somewhat analogous to the quantum
anomaly in chiral gauge theory.
1 Introduction
It is known that one needs to add an extra potential term to the naive kinetic term
in d = 2 dimensions when one defines the path integral in polar coordinates [1].
This extra term has been later analyzed from a point of view of path integrals in
curved space [2, 3]. A connection of this extra potential with the hermitian radial
momentum operator has also been discussed in [4]. This extra term is important
in the quantum analyses of solitons [5] and collective modes [6]. The importance of
this extra term was recently re-emphasized by Jackiw [7].
In the present note, we discuss this problem from a general point of view of the
treatment of non-hermitian radial momentum operators in arbitrary dimensions.
Our basic observation is that the classical Hamiltonian in polar coordinates
Hcl =
1
2m
[p2r +
~L2
r2
] + V (r) (1)
1
is replaced by the quantized Hamiltonian
Hˆ =
1
2m
[Pˆ †r Pˆr +
~ˆL
2
r2
] + V (r) (2)
where the operator Pˆr is not hermitian in general and ~ˆL
2
stands for the quadratic
Casimir operator of the rotation group in d-dimensional space. It is then shown
that
Pˆ †r Pˆr = pˆ
2
r +
h¯2(d− 1)(d− 3)
4r2
(3)
when one defines the formal hermitian radial operator pˆr = (1/2)
(
( ~ˆx
r
)~ˆp+ ~ˆp( ~ˆx
r
)
)
in general d-dimensional space. We then present an explicit construction of the
path integral in polar coordinates starting with the quantum evolution operator.
It is shown that the use of the hermitian or non-hermitian radial operator does
not matter in the time slicing of the quantum evolution operator. But the formal
hermitian operator gives a natural definition of the “radial plane wave”, and thus it
is essential to write the path integral in the conventional form.
We also briefly mention that the appearance of an extra term induced by the non-
hermitian operator and a technical aspect of the analysis are somewhat analogous
to the quantum anomaly in chiral gauge theory.
2 Hermitian radial momentum operator
We start with the identity in the classical level in general d-dimensional space
(
∑
i
xipi)
2 +
∑
i 6=j
1
2
(xipj − xjpi)2 =
∑
i,j
x2i p
2
j = (
∑
i
x2i )(
∑
j
p2j ) (4)
Namely, we have the relation
(~p)2 = (
∑
i
xi
r
pi)
2 +
∑
i 6=j
1
2
1
r2
L2i,j (5)
with
r2 =
∑
i
x2i ,
Li,j = xipj − xjpi, i 6= j. (6)
2
We thus have the classical Hamiltonian
Hcl =
1
2m
(~p)2 + V (r)
=
1
2m
p2r +
1
2m
∑
i 6=j
1
2
1
r2
L2i,j + V (r) (7)
with
pr =
∑
i
xi
r
pi. (8)
One may define a general form of the quantized Hamiltonian by
Hˆ =
1
2m
Pˆ †r Pˆr +
1
2m
∑
i 6=j
1
2
1
r2
Lˆ2i,j + V (r) (9)
where Pˆr stands for the quantized version of pr in (8) which contains an operator
ordering ambiguity. The quantized Pˆr is not hermitian in general, and we transcribe
the radial kinetic term by a quantized version Pˆ †r Pˆr. The second term on the right-
hand side of (9) does not contain any operator ordering problem since Lˆi,j itself has
no ordering ambiguity and
[Lˆi,j , r] = 0 (10)
as Lˆi,j generates the rotation in the i− j plane.
By noting the relation
(~ˆp)2 = Pˆ †r Pˆr +
∑
i 6=j
1
2
1
r2
Lˆ2i,j (11)
the term Pˆ †r Pˆr needs to be positive semi-definite, which is indeed the case by its
construction since Pˆ †r Pˆr ≥ 0 independently of the detailed definition of Pˆr. Secondly,
[(~ˆp)2, c] = 0 for any constant c and thus
[Pˆ †r Pˆr, c] = 0 (12)
should hold. This suggests that
Pˆr =
∑
i
xˆi
r
pˆi =
h¯
i
∂
∂r
(13)
3
and thus
Pˆ †r =
∑
i
pˆi
xˆi
r
=
h¯
i
(
∂
∂r
+
d− 1
r
). (14)
We note that
[Pˆr, r] = [Pˆ
†
r , r] =
h¯
i
(15)
and the general definition of Pˆr satisfies the canonical commutation relation.
The quantized Hamiltonian is thus fixed to be
Hˆ =
1
2m
(
h¯
i
)2(
∂
∂r
+
d− 1
r
)
∂
∂r
+
1
2m
∑
i 6=j
1
2
1
r2
Lˆ2i,j + V (r)
=
1
2m
(
h¯
i
)2
1
r(d−1)
∂
∂r
r(d−1)
∂
∂r
+
1
2m
∑
i 6=j
1
2
1
r2
Lˆ2i,j + V (r), (16)
the radial part of which agrees with the radial part of the Laplacian in polar coor-
dinates in general d-dimensional space.
It is shown later that a formal hermitian radial momentum operator pˆr, which
defines the “radial plane wave” naturally, is essential to define the conventional form
of the path integral for the radial component starting with the quantum evolution
operator. One may define the formal hermitian operator by
pˆr =
1
2
∑
i
{( xˆi
r
)pˆi + pˆi(
xˆi
r
)}
=
h¯
i
1
r
(d−1)
2
∂
∂r
r
(d−1)
2
= pˆ†r (17)
in d-dimensional space. This operator pˆr = (Pˆr + Pˆ
†
r )/2 also satisfies the canonical
commutation relation
[pˆr, r] =
h¯
i
. (18)
By using the relation
(pˆr)
2 = −h¯2 1
r
(d−1)
2
∂2
∂r2
r
(d−1)
2
= −h¯2 1
r(d−1)
∂
∂r
r(d−1)
∂
∂r
− h¯2 (d− 1)(d− 3)
4
1
r2
= Pˆ †r Pˆr − h¯2
(d− 1)(d− 3)
4
1
r2
, (19)
4
the quantized Hamiltonian (16) is finally written as
Hˆ =
1
2m
pˆ2r +
1
2m
h¯2(d− 1)(d− 3)
4r2
+
1
2m
∑
i 6=j
1
2
1
r2
Lˆ2i,j + V (r) (20)
in terms of the hermitian radial momentum operator pˆr. We note that r in coordinate
space and pr in momentum space are not quite symmetric; r = |~r| ≥ 0 but ∞ >
pr =
∑
i(xi/r)pi > −∞ and |pr| 6= |~p| in general.
To find the values of the quadratic Casimir operator of the rotation group SO(d)
Cˆ2 =
∑
i 6=j
1
2
Lˆ2i,j, (21)
we recall that the basis set defined by the l-th order homogeneous terms of x1, .., xd,
namely, xl11 x
l2
2 ...x
ld
d with
∑
k lk = l, span an invariant space under the action of Lˆi,j
which keeps r invariant. We thus consider (a1x1 + ... + adxd)
l = rlYl with complex
numbers a1 ∼ ad which satisfy the condition 1, a21 + ...+ a2d = 0. We then have
−h¯2∆(a1x1 + ...+ adxd)l = [−h¯2 1
r(d−1)
∂
∂r
r(d−1)
∂
∂r
+ Cˆ2
1
r2
]rlYl
= 0 (22)
and thus
Cˆ2Yl = h¯
2l(l + d− 2)Yl. (23)
The radial part of the Hamiltonian is thus written as
Hˆl =
1
2m
pˆ2r +
1
2m
h¯2(d− 1)(d− 3)
4r2
+
1
2m
h¯2l(l + d− 2)
r2
+ V (r). (24)
The Casimir operator Cˆ2 is explicitly written in terms of angular variables in the
polar coordinates such as
x1 = r cos θ1,
x2 = r sin θ1 cos θ2,
x3 = r sin θ1 sin θ2 cos θ3,
........
xd−1 = r sin θ1 sin θ2.... sin θ(d−2) cosφ,
xd = r sin θ1 sin θ2.... sin θ(d−2) sinφ (25)
1If a21 + ...+ a
2
d = 0 is not satisfied, Yl is mixed with Yl−2 under the action of Cˆ2.
5
with
0 ≤ θ1 ≤ π, 0 ≤ θ2 ≤ π, ...., 0 ≤ θ(d−2) ≤ π,
0 ≤ φ ≤ 2π. (26)
From the final expression of the quantized Hamiltonian (20) with the formal
hermitian radial momentum operator, we recognize that d = 3 is exceptional in
that the extra potential vanishes, and d = 2 is special in that the extra potential is
attractive. For all other cases d ≥ 4, the extra potential is repulsive. This feature
will be important when one considers a classical solution in the path integral as a
starting point of the semi-classical analysis [5, 6].
3 Path integrals
To analyze the path integral for the radial coordinate, we start with the definition
of the eigenstates for the formal hermitian radial momentum pˆr in (17) by
〈r|pr〉 = 1
r(d−1)/2
1√
R
eiprr/h¯ (27)
which satisfies
〈r|pˆr|pr〉 = pr〈r|pr〉 = h¯
i
1
r
(d−1)
2
∂
∂r
r
(d−1)
2 〈r|pr〉. (28)
The boundary condition for 〈r|pr〉 may be chosen to be “periodic” inside a ball
with a radius R, 0 ≤ r ≤ R, in the sense that
eipr0/h¯ = eiprR/h¯, pr =
2πh¯n
R
, n = 0,±1,±2, ..,∫ R
0
r(d−1)dr〈r|p′r〉⋆〈r|pr〉 =
∫ R
0
dr(
1√
R
eip
′
rr/h¯)⋆
1√
R
eiprr/h¯ = δpr ,p′r (29)
and let R→∞ later. This boundary condition ensures the hermiticity of pˆr 2. We
also have ∫ ∞
−∞
Rdpr
2πh¯
〈r1|pr〉〈pr|r2〉 = 1
(r1r2)(d−1)/2
δ(r1 − r2). (30)
2When one imposes the conditions r(d−1)/2ψ(r) = 0 at r = 0 and r = ∞, one can ensure the
hermiticity of pˆr in the sense (ψ, pˆrψ) = (pˆrψ, ψ). But the eigenstates of pˆr do not satisfy the
boundary conditions. See, for example, [8]. We thus define the complete set by (27) and (29)
with a periodic boundary condition for r(d−1)/2ψ(r) in the interval 0 ≤ r ≤ R. This complete set
provides the ”radial plane waves” to define the path integral (33), and it gives radial path integrals
as defined in [1, 4] after the integral over momentum variables. We do not assign a physical
significance to eigenvalues pr, and we use the radial plane waves just to define the path integral.
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The completeness relations are then written as
∑
l
∫ ∞
−∞
Rdpr
2πh¯
|pr, l〉〈pr, l| = 1,
∫ R
0
r(d−1)drdΩ|r,Ω〉〈r,Ω| = 1, (31)
where the symbols Ω and l collectively stand for all the angular variables and all the
quantum numbers associated with angular freedom, respectively. Note that r = |~r|
but pr 6= |~p| and in fact we have −∞ < pr <∞.
The path integral formula is written for t = 2∆t, for example, in the following
way. We first define
Hˆl =
1
2m
pˆ2r +
h¯2
2m
(d− 1)(d− 3)
4r2
+
h¯2l(l + d− 2)
2mr2
+ V (r)
≡ 1
2m
pˆ2r + V˜l(r) (32)
and then the conventional procedure by using the completeness relations (30) and
(31) gives
〈rf , l|e− ih¯ Hˆ2∆t|ri, l〉
= 〈rf |e− ih¯ Hˆl2∆t|ri〉
=
∫ R
0
r
(d−1)
1 dr1〈rf |e−
i
h¯
Hˆl∆t|r1〉〈r1|e− ih¯ Hˆl∆t|ri〉
=
∫ R
0
r
(d−1)
1 dr1
∫ ∞
−∞
Rdpr2
2πh¯
Rdpr1
2πh¯
〈rf |e− ih¯ Hˆl∆t|pr2〉〈pr2|r1〉
×〈r1|e− ih¯ Hˆl∆t|pr1〉〈pr1|ri〉
=
1√
(rfri)(d−1)
∫ R
0
dr1
∫ ∞
−∞
dpr2
2πh¯
dpr1
2πh¯
exp{ i
h¯
[(rf − r1)pr2
+(r1 − ri)pr1 − ( p
2
r2
2m
+
p2r1
2m
+ V˜l(rf) + V˜l(r1))∆t]}
=
1√
(rfri)(d−1)
(
√
m
2πh¯i∆t
)2
∫ R
0
dr1
(The δ-functional source at r = 0 [8] is balanced by a sink at r = R in the comlete set (29).)
Note also that the plane waves in cartesian coordinates, which are essential to define the path
integral in cartesian coordinates, do not necessarily satisfy the boundary condition of the relevant
Schro¨dinger wave function. We expect that our formulation is valid at least for the semi-classical
approximation, which is the main physical interest [5, 6] of the polar coordinate path integral.
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× exp{ i
h¯
[
m
2∆t
((rf − r1)2 + (r1 − ri)2)− (V˜l(rf) + V˜l(r1))∆t]}
=
1√
(rfri)(d−1)
〈rf |e− ih¯
ˆ˜H l2∆t|ri〉 (33)
with
ˆ˜H l =
1
2m
pˆ2 + V˜l(r)
= − h¯
2
2m
∂2
∂r2
+ V˜l(r) (34)
which stands for the Hamiltonian in one-dimensional space defined by the interval
0 ≤ r ≤ R with an effective potential V˜l(r). In (33) we used the standard procedure
〈r1|e− ih¯ Hˆl∆t|ri〉 =
∫ Rdpr1
2πh¯
〈r1|e− ih¯ Hˆl∆t|pr1〉〈pr1|ri〉
≃
∫
Rdpr1
2πh¯
〈r1|1− i
h¯
Hˆl(pˆr, rˆ)∆t|pr1〉〈pr1|ri〉
=
∫
Rdpr1
2πh¯
〈r1|1− i
h¯
Hl(pr1, r1)∆t|pr1〉〈pr1|ri〉
≃
∫
Rdpr1
2πh¯
〈r1|pr1〉〈pr1|ri〉e− ih¯Hl(pr1,r1)∆t (35)
for an infinitesimal ∆t.
The expression for a general time interval is obtained by applying the composition
law of the evolution operator to the expression (33), and one has
〈rf |e− ih¯ Hˆlt|ri〉 = 1√
(rfri)(d−1)
〈rf |e− ih¯
ˆ˜Hlt|ri〉 (36)
which relates the radial evolution operator in d-dimensional space on the left-hand
side to the evolution operator in one-dimensional space on the right-hand side. Both
expressions contain the effective potential with an extra term,
V˜l(r) =
h¯2
2m
(d− 1)(d− 3)
4r2
+
h¯2l(l + d− 2)
2mr2
+ V (r). (37)
The path integral representation of the evolution operator for the radial freedom
is thus formally written as
〈rf , l|e− ih¯ Hˆt|ri, l〉 = 〈rf |e− ih¯ Hˆlt|ri〉
8
=
1√
(rfri)(d−1)
∫
DprDr exp{ i
h¯
∫ t
0
dt[prr˙ −Hl]}
=
1√
(rfri)(d−1)
∫
Dr exp{ i
h¯
∫ t
0
dt[
m
2
r˙2 − h¯
2
2m
(d− 1)(d− 3)
4r2
− h¯
2l(l + d− 2)
2mr2
− V (r)]} (38)
where the classical Hamiltonian Hl is defined by
Hl =
1
2m
p2r +
1
2m
h¯2(d− 1)(d− 3)
4r2
+
h¯2
2m
l(l + d− 2)
r2
+ V (r) (39)
and
Dr ∝∏
t
dr(t) (40)
without the naively expected weight factor
∏
t r(t)
(d−1). The classical solution in the
semi-classical analysis is defined by the Lagrangian
Ll =
m
2
r˙2 − h¯
2
2m
(d− 1)(d− 3)
4r2
− h¯
2l(l + d− 2)
2mr2
− V (r) (41)
and thus the classical solution is generally influenced by the extra term.
4 Non-hermitian operator in path integrals
To deal directly with the non-hermitian operator, we define the complete set of
functions for the hermitian operator Pˆ †r Pˆr defined by
Pˆ †r Pˆr〈r|P 〉 = P 2〈r|P 〉. (42)
We also use the notation ϕP (r) = 〈r|P 〉 which satisfies∫ ∞
0
r(d−1)drϕ†P (r)ϕP ′(r) =
1
P
δ(P − P ′),∫ ∞
0
PdPϕ†P (r1)ϕP (r2) =
1
(r1r2)(d−1)/2
δ(r1 − r2). (43)
We note that the radial coordinate r and the radial momentum P are more sym-
metric in the present definition, and the explicit form of ϕP (r) in d = 2 is given by
the Bessel function J0(Pr) which satisfies∫ ∞
0
PdPJ0(Pr1)J0(Pr2) =
1√
r1r2
δ(r1 − r2). (44)
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Then the evolution operator is written as
〈r1, l|e− ih¯ Hˆ∆t|ri, l〉
= 〈r1|e− ih¯ Hˆl∆t|ri〉
≃
∫ ∞
0
PdP 〈r1|1− i
h¯
Hˆl∆t|P 〉〈P |ri〉
≃
∫ ∞
0
PdPϕP (r1)ϕ
†
P (ri)
× exp{− i
h¯
[
1
2m
P 2 +
h¯2
2m
l(l + d− 2)
r21
+ V (r1)]∆t} (45)
for an infinitesimal ∆t. One can construct the evolution operator for a finite time
interval from (45) by using the composition law of the evolution operator, and the
expression on the right-hand side may be used for a numerical evaluation. But
the expression on the right-hand side in (45) does not have an expression of the
conventional path integral. Since the expressions in (35) and (45) differ only in the
choice of the complete states in the time slicing of the evolution operator, these two
expressions are equivalent to each other if one accepts the general operation
〈r1|e− ih¯ Hˆl∆t|ri〉 ≃
∑
n
〈r1|1− i
h¯
Hˆl∆t|n〉〈n|ri〉
=
∑
n
〈r1|1− i
h¯
Hl(n)∆t|n〉〈n|ri〉
≃ ∑
n
〈r1|n〉〈n|ri〉e− ih¯Hl(n)∆t (46)
for an infinitesimal ∆t. But the analysis of Edwards and Gulyaev [1] suggests that
the validity of this kind of operation is not always obvious.
It is thus instructive to derive the expression (35) from the last expression of (45)
directly. By this way, we can also explain why no more extra potential is induced
in (33). For this purpose, we examine the object defined for Euclidean time
∫ ∞
0
PdPϕP (r1)ϕ
†
P (ri) exp{−
1
h¯
1
2m
P 2∆τ}
=
∫ ∞
0
PdP exp{−1
h¯
1
2m
P 2∆τ}ϕP (r1)ϕ†P (ri)
= exp{−1
h¯
1
2m
Pˆ †r Pˆr∆τ}
∫ ∞
0
PdPϕP (r1)ϕ
†
P (ri)
= exp{−1
h¯
1
2m
Pˆ †r Pˆr∆τ}
1
(r1ri)(d−1)/2
δ(r1 − ri)
= exp{−1
h¯
1
2m
Pˆ †r Pˆr∆τ}
∫ ∞
−∞
Rdpr
2πh¯
〈r1|pr〉〈pr|ri〉
= exp{−1
h¯
1
2m
[pˆ2r +
h¯2(d− 1)(d− 3)
4r21
]∆τ}
∫ ∞
−∞
Rdpr
2πh¯
〈r1|pr〉〈pr|ri〉
=
∫ ∞
−∞
Rdpr
2πh¯
〈pr|ri〉 exp{−1
h¯
1
2m
[pˆ2r +
h¯2(d− 1)(d− 3)
4r21
]∆τ}〈r1|pr〉
=
1
(r1ri)(d−1)/2
∫ ∞
−∞
dpr
2πh¯
×e−iprri/h¯ exp{−1
h¯
1
2m
[pˆ2 +
h¯2(d− 1)(d− 3)
4r21
]∆τ}eiprr1/h¯ (47)
where we used (27) and the radial momentum operators act on the variable r1. A
new momentum operator
pˆ =
h¯
i
∂
∂r1
(48)
was introduced in the last line of (47).
We thus examine∫ ∞
−∞
dpre
−iprri/h¯ exp{−1
h¯
1
2m
pˆ2∆− V(r1)∆}eiprr1/h¯ (49)
where we defined the simplifying notations
V(r1) = h¯
2(d− 1)(d− 3)
8h¯mr21
,
∆ = ∆τ. (50)
The expression (49) is written as
∫ ∞
−∞
dpre
ipr(r1−ri)/h¯ exp{−1
h¯
1
2m
(pr + pˆ)
2∆− V(r1)∆}
=
∫ ∞
−∞
dpr√
∆
e
ipr
(r1−ri)
h¯
√
∆
− p
2
r
2h¯m exp{− 1
h¯m
√
∆prpˆ− 1
2h¯m
pˆ2∆− V(r1)∆}
=
∫ ∞
−∞
dpr√
∆
e
ipr
(r1−ri)
h¯
√
∆
− p
2
r
2h¯m exp{− 1
h¯m
√
∆prpˆ− V(r1)∆} (51)
by moving the plane wave eiprr1/h¯ through the operator and then re-scaling the
integration variable as pr → pr/
√
∆. We also used the fact that only the terms
linear in ∆ are important at the end.
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We now expand the last exponential factor as
exp{− 1
h¯m
√
∆prpˆ− V(r1)∆} = 1 +
∞∑
n=1
(−1)n
n!
(
1
h¯m
√
∆pr)
n−1pˆn−1V(r1)∆ (52)
which is replaced in the integrand of (51) after a shift of the integration variable
pr → pr + i(r1 − ri) m√∆ by∫ ∞
−∞
dpr√
∆
e−
p2r
2h¯m e−
m(r1−ri)2
2h¯∆
×[1 +
∞∑
n=1
(−1)n
n!
(
1
h¯m
√
∆pr +
i
h¯
(r1 − ri))n−1pˆn−1V(r1)∆]
=
√
2πh¯m
∆
e−
m(r1−ri)2
2h¯∆ [1 +
∞∑
n=1
(−1)n
n!
(r1 − ri)n−1 ∂
n−1
∂rn−1
V(r1)∆]
=
√
2πh¯m
∆
e−
m(r1−ri)2
2h¯∆ [1−
∞∑
n=1
(r1 − ri)n−1 h¯
2(d− 1)(d− 3)
8h¯mrn+11
∆] (53)
This last expression shows that |r1 − ri| ∼
√
∆ and thus only the term with n = 1
is important. We can thus replace (49) by√
2πh¯m
∆
e−
m(r1−ri)2
2h¯∆
−V(r1)∆ =
√
2πh¯m
∆
e
−m(r1−ri)
2
2h¯∆
− h¯2(d−1)(d−3)
8h¯mr2
1
∆
(54)
which establishes the equivalence of (45) with (35) and (33) after transforming back
to the Minkowski metric, ∆ = ∆τ → i∆t.
This analysis shows that the use of the non-hermitian or hermitian radial mo-
mentum operator does not matter when defining the time slicing of the quantum
evolution operator, but the formal hermitian radial operator is essential to write the
path integral in the conventional form.
5 Conventional path integrals in d = 2
We briefly discuss the conventional path integral for a free particle in cartesian
coordinates in d = 2
〈~xf |e− ih¯ Hˆ2∆t|~xi〉
=
∫
d2p2
(2πh¯)2
d2x1d
2p1
(2πh¯)2
× exp{ i
h¯
[(~xf − ~x1)~p2 + (~x1 − ~xi)~p1 − 1
2m
((~p2)
2 + (~p1)
2)∆t]}. (55)
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The path integral for a general time interval is constructed from this expression by
applying the composition law of the evolution operator, and it is known that this
expression gives rise to an accurate evolution operator.
We thus examine the basic building block of the path integral
〈~x1|e− ih¯ Hˆ∆t|~xi〉 =
∫
d2p1
(2πh¯)2
exp{ i
h¯
[(~x1 − ~xi)~p1 − 1
2m
(~p1)
2∆t]} (56)
by writing the integration variables in polar coordinates. We emphasize that this
change of variables is for the ordinary integral and thus it should work without any
complication. One may write (56) as
∫ 1
|~x1 − ~xi|
dprdL
(2πh¯)2
exp{ i
h¯
[|~x1 − ~xi|pr − 1
2m
(p2r +
L2
|~x1 − ~xi|2 )∆t]} (57)
by defining the variables
pr =
(~x1 − ~xi)
|~x1 − ~xi| ~p1,
L = {(~x1 − ~xi)× ~p1}3, (58)
and one obtains the equality
(
√
m
2iπh¯∆t
)2 exp{ i
h¯
m
2∆t
|~x1 − ~xi|2}
= (
√
m
2iπh¯∆t
)2 exp{ i
h¯
m
2∆t
[(r1 − ri)2 + 2r1ri(1− cos∆φ)]} (59)
where ∆φ = φ1 − φi. This result is the same as the direct evaluation of (56), and it
is known that the fourth order term ∆φ4 in
2r1ri(1− cos∆φ) = r1ri[(∆φ)2 − 1
12
(∆φ)4] (60)
is effectively replaced by the extra potential term h¯2/(8mr21) when one integrates
over ∆φ as was shown by Edwards and Gulyaev [1].
Alternatively, one may define
~x1~p1 = r1pr,
~xi~p1 = |~p|ri cos(φ+∆φ)
= |~p|ri cosφ cos∆φ− |~p|ri sin φ sin∆φ, (61)
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and thus
~xi~p1 = ripr cos∆φ− L
r1
ri sin∆φ (62)
with L = |~p|r1 sinφ, and
(~p)2 = p2r +
L2
r21
. (63)
Note that φ = φp − φ1 and φp − φi = φ+ φ1 − φi = φ+∆φ. Then∫ d2p1
(2πh¯)2
exp{ i
h¯
[(~x1 − ~xi)~p1 − 1
2m
(~p1)
2∆t]}
=
∫ dL
r1(2πh¯)2
dpr exp{ i
h¯
[(r1 − ri cos∆φ)pr + L
r1
ri sin∆φ
− 1
2m
(p2r +
L2
r21
)∆t]}
≃
∫
dL√
r1ri(2πh¯)2
dpr exp{ i
h¯
[(r1 − ri)pr + L∆φ
−mr1ri
24∆t
(∆φ)4 − 1
2m
(p2r +
L2
r21
)∆t]} (64)
where the last line agrees with the second line when one integrates over dL and
dpr, and the term with (∆φ)
4 is effectively replaced by the extra potential term
h¯2/(8mr21) when one integrates over ∆φ in the final path integral formula following
the analysis of [1]. One can also write the integral over the angular momentum in
(64) as
1√
∆t
∫ ∞
−∞
dL˜ exp{ i
h¯
[L˜∆φ/
√
∆t− 1
2m
L˜2
r21
]} (65)
by defining L˜ =
√
∆tL.
The expression (64) may be compared with our result for d = 2 , for example,
in (35)
〈r1, φ1|e− ih¯ 12m (~ˆp)2∆t|ri, φi〉
=
∑
M
∫
Rdpr
2πh¯
〈r1, φ1|e− ih¯ 12m (~ˆp)2∆t|pr,M〉〈pr,M |ri, φi〉
=
∑
M
h¯
∫
1
(2πh¯)2
1√
r1ri
dpr exp{ i
h¯
[(r1 − ri)pr + h¯M(φ1 − φi)
− 1
2m
(p2r −
h¯2
4r21
+
h¯2M2
r21
)∆t]} (66)
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by noting
〈φ|M〉 = 1√
2π
eiMφ,
∫ 2π
0
dφ〈M ′|φ〉〈φ|M〉 = δM,M ′,
∞∑
M=−∞
〈φ|M〉〈M |φ′〉 = δ(φ− φ′). (67)
The summation over M in (66) is written as
1√
∆t
∑
M
h¯
√
∆t exp{ i
h¯
[h¯
√
∆tM(φ1 − φi)/
√
∆t− 1
2m
(h¯
√
∆t)2M2
r21
]}
→ 1√
∆t
∫ ∞
−∞
dL˜ exp{ i
h¯
[L˜(φ1 − φi)/
√
∆t− 1
2m
L˜2
r21
]} (68)
by defining L˜ = h¯
√
∆tM for ∆t→ 0, which agrees with (65).
From the comparison of (55) and (66) one concludes the following: One can accu-
rately translate the evolution operator into the path integral in cartesian coordinates
as in (55), but one cannot distinguish pˆ2r and Pˆ
†
r Pˆr in the classical expression p
2
r and
thus one cannot produce the extra potential from the classical expression (~p)2. But
the path integral (55) contains all the information and, in fact, the extra potential
is reproduced by the integral over the angular variable φ, as was shown by Edwards
and Gulyaev [1]. On the other hand, the evolution operator is accurately translated
into the conventional form of the path integral in polar coordinates when one defines
the formal hermitian radial momentum operator as in (66). In this latter case, the
extra potential is generated by the difference of pˆ2r and Pˆ
†
r Pˆr, and no more extra
terms are generated from the angular variable as is shown in (68) and also in Section
4. See also the analysis by Arthurs [4].
6 Discussion and conclusion
We analyzed the problem of the extra potential, which was originally discovered
when writing the path integral in polar coordinates in d = 2 [1], in a more general
setting. We emphasized that the extra potential term appearing in the path integral
in polar coordinates in general d-dimensional space is purely a quantum effect asso-
ciated with the non-hermitin radial momentum operator in the Scho¨dinger problem,
though the hermitian or non-hermitian radial momentum does not matter when
defining the time slicing of the quantum evolution operator. We think that this
phenomenon in the elementary Scho¨dinger problem is important for the pedagogical
purpose also.
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In the following, we briefly mention an interesting analogy of this extra term with
the quantum anomaly in chiral gauge theory. In the original analysis of the chiral
anomaly, the vector-like gauge theory was analyzed and thus no explicit connection
with the non-hermitian operator appeared [9, 10]. In the path integral formulation
of chiral anomalies [11], in particular, in the analysis of chiral gauge theory, the non-
hermitian Euclidean operator provides an interesting intuitive picture of the origin
of quantum symmetry breaking. The general chiral gauge theory is defined by the
Dirac action [12]∫
d4xL =
∫
d4xψ¯(x)iγµ(∂µ − iVµ(x)− iAµ(x)γ5)ψ(x) (69)
in the background of the vector-like gauge field Vµ and the axial-vector gauge field
Aµ; these fields may in general be non-Abelian Yang-Mills fields. In the Euclidean
formulation of this problem, which defines the path integral more precisely, one deals
with the basic operator [13]
6D = γµ(∂µ − iVµ(x)− iAµ(x)γ5) (70)
which is non-hermitian in the Euclidean sense
6D† = γµ(∂µ − iVµ(x) + iAµ(x)γ5) 6= 6D. (71)
One can maintain hermiticity if one replaces Aµ(x) → iAµ(x), but then the axial
gauge symmetry is spoiled.
One of the ways to analyze the anomaly in gauge symmetry is to analyze the
responce of the Euclidean path integral
Z(Vµ, Aµ) =
∫
Dψ¯Dψ exp{
∫
d4xL} (72)
under the gauge transformation of Vµ and Aµ. Since the regularization is defined by
the Euclidean operator 6D, the quantum breaking of the axial gauge symmetry may
be intuitively attributed to the non-hermitian property of the basic operator though
this argument by itself does not explain the appearance of quantum anomaly.
Another way to analyze the chiral gauge anomaly is to examine the covariant
form of the anomaly on the basis of the hermitian operator
6D† 6Dϕn(x) = λ2nϕn(x), 6D 6D†φn(x) = λ2nφn(x), (73)
and the evaluation of the anomaly is reduced to the evaluation of [13]
Tr(exp{− 6D† 6D∆τ}) =∑
n
ϕ†n(x)e
−λ2n∆τϕn(x) (74)
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which is analogous to (47). The extraction of the chiral anomaly is achieved by
using a plane wave in the evaluation of this trace or index. In this sense, the use of
the eigenvectors for the hermitian radial momentum operator (27) in the problem
analyzed in the present paper, (47) and (53), corresponds to the use of the plane
wave in the analysis of the chiral anomaly. We also note that the actual evaluation of
chiral anomaly in field theory often uses the first quantized formulas in an essential
way [14].
Although there are fundamental differences in the extra term we analyzed in the
present paper and the chiral gauge anomaly in field theory, we find it interesting that
the non-hermitian operator plays an important role in defining quantum theory and
a technical aspect of the analyses is similar in these two quite different phenomena.
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